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\ Abstract: In this paper, we study the tree amplitudes with gluons coupled to gravitons. We first study the 

\ relations among the mixed amplitudes. With BCFW on-shell recursion relation, we will show the color- 

\f} \ order reversed relation, [/(l)-decoupling relation and KK relation hold for tree amplitudes with gluons 

^| \ coupled to gravitons. We then study the disk relation which expresses mixed amplitudes by pure gluon 

! amplitudes. More specifically we will prove the disk relation for mixed amplitudes with gluons coupled to 

I one graviton. Using the disk relation and the properties of pure gluon amplitudes, the color-order reversed 

t-h . relation, [/(l)-decoupling relation and KK relation for mixed amplitudes can also be proved. Finally, we 

. give some brief discussions on BCJdike relation for mixed amplitudes. 



X 



Keywords: Amplitude relations 



Contents 



1 Introduction 2 

2 Mass dimension of amplitude 4 

3 The three point amplitudes 5 

3.1 One gluon plus two gravitons 6 

3.2 Two gluons plus one graviton 7 

4 The color-order reversed relation 9 

4.1 An example 9 

4.2 The boundary case with m = 1 10 

4.3 The boundary case with n = 2 10 

4.4 Color-order reversed relation for amplitudes with gluons coupled to gravitons 10 

5 The [/(l)-decoupling identity 11 

5.1 An example 11 

5.2 [/(l)-decoupling identity for amplitudes with gluons coupled to gravitons 12 

6 The KK relation 12 

6.1 An example 13 

6.2 KK relation for amplitudes with gluons coupled to gravitons 14 

7 The disk relation for amplitudes with gluons coupled to one graviton 15 

7.1 The proof of the second formula 18 

7.2 The first formula 19 

8 From disk relation to color-order reversed relation 21 

8.1 An example 21 

8.2 General color-reversed relation for amplitudes with gluons coupled to one graviton 21 

9 From disk relation to [/(l)-decoupling identity 21 

9.1 An example 22 

9.2 General [/(l)-decoupling identity for amplitudes with gluons coupled to one graviton 23 

10 From disk relation to KK relation 25 

10.1 An example 25 

10.2 General KK relation for amplitudes with gluons coupled to one graviton 29 



- 1 - 



11 Remarks 



30 



1 Introduction 

Gauge field and gravity are two important objects in theoretical physics. They contain all the fundamental 
interactions in nature. To study the properties of gauge field and gravity, we should investigate the 
perturbative scattering amplitudes in both theories. The amplitude relations play an important role in 
both theories. 

In gauge field theory, many relations among pure gluon tree partial amplitudes have been found. 
They are color-order reversed relation, [/(l)-decoupling identity, Kleiss-Kuijf(KK) relation [1] and Bern- 
Carrasco-Johansson(BCJ) relation [2]: 

Color-order reversed relation for pure gluon tree amplitudes is 

A( 9l ,...,g n ) = (-l) n A(g n ,..., gi ). (1.1) 
(J(l)-decoupling identity for pure gluon tree amplitudes is 

A(g 1 ,g 2 ,...,g n )+A(g 1 ,g 3 ,g 2 ,...,g n ) + ... + A(g u g 3 ,...,g n ,g 2 )=0. |U(1) ' M ' P ™ 1 (1.2) 
KK relation for pure gluon tree amplitudes is 

A(gi,{<*h9i,{P}) = (-l) np E A{ 9l ,a, gi ). lKM (1.3) 

*eOP({a},{pT } ) 

Fundamental BCJ relation 1 for pure gluon tree amplitudes is 

s g293 A (9u93,g2,-,gn) + {s g293 + s g29i )A(gi, g 3 , 54, g 2 , g n ) 

+ - + (* Mfl3 +Sg 2 g 4 + . . . + Sg^ ) A fa , <? 3 , • • • , 9n , 92 ) = 0.^^ (1.4) 

The color-order reversed relation and [/(l)-decoupling identity can be regarded as two special cases of KK 
relation. To see this we can choose I = 2, {a} = 4> and {/?} = {g 3 ,...,g n } in (1.3), we get color-order 
reversed relation (1.1). When we choose I = n — 1, {a} = {g 2 , ...,g n - 2 } and {/3} = {g n }, we get the U(l)- 
decoupling identity (1.2). Being different from the other three relations, the BCJ relation have nontrivial 
factors before the amplitudes. The factors are constructed by s gigj . With KK and BCJ relations, the pure 
gluon amplitudes can be expressed by (n — 3)! independent amplitudes. Both KK relation and BCJ relation 
can be understood by the monodromy in string theory [3, 4]. The field theory proof of these relations are 
given in [5-7] (See [8] for N = 4 SYM). 

1 Other BCJ relations can be derived by fundamental BCJ relation combining with KK relation. 
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In general relativity, there is Kawai-Lewellen-Tye(KLT) relation [9] connects the gravity amplitudes 
to the gauge field amplitudes. This relation was first found in string theory by the study of closed string 
amplitudes on sphere. Taking the field theory limit, KLT relation express the m-graviton amplitudes by 
sum of products of two m-gluon amplitudes with appropriate factors[10, 11]. KLT relation in field theory 
has been proved in [12-14] (see [15] for N = 8 SUGRA). It can also be used to treat many amplitudes with 
gravitons coupled to matter [16, 17]. KLT relation is conjectured to be hold at loop level in [18]. Recent 
researches [19] give a further understanding 2 of KLT relation. 

Britto-Cachazo-Feng-Witten(BCFW) recursion relation [20, 21] is an important recursion relation 
which constructs on-shell tree amplitudes by on-shell tree amplitudes with less external legs 



where the sum is over all possible distributions of the external legs with shifted momentum pi in I and pj in 
J . zxj indicates the splitting. Via discussions on complex analysis, this relation exists in the theories with 
M(z — > oo) = 0. Gauge field theory, general relativity and the theory of gauge field coupled to gravity have 
good behavior when z — > oo [22], thus in all the three theories, one can use BCFW relation. Though in 
this paper we only use the BCFW at tree-level in field theory, there are works on BCFW recursion relation 
at loop-level [23] and in string theory [24]. The discussion on BCFW recursion relation with nontrivial 
boundary conditions are considered in [25]. 

Since the on-shell three point amplitudes can be determined by the symmetry of S-matrix [26], with 
BCFW recursion, one can derive the on-shell tree amplitudes from on-shell three point amplitudes. Using 
the methods in S-matrix program, one can avoid the complicated Feynman diagrams. In fact, the three 
point amplitudes and BCFW recursion relations in S-matrix program play a crucial role in the proof of 
the amplitude relations in 3 [6, 7], [8], [12-14] and [15]. 

Though there are a lot of works on gauge field theory and general relativity, the theory with gauge 
field coupled to gravity is also important. In this paper, we study the amplitudes with gluons coupled to 
gravity. We will consider two categories of relations for amplitudes with gluons coupled to gravitons: 

• (1) The relations among the mixed amplitudes. 

• (2) The relation between the mixed amplitudes and pure gluon amplitudes. 

In the first case, we will show the color-order reversed relation, [/(l)-decoupling identity and KK 
relation for pure gluon amplitudes also hold for amplitudes with gluons coupled to gravitons. This is 
because the gravitons do not effect the color structure of the gauge field. However, the BCJ relation is 
more complicated. There are nontrivial factors before the amplitudes. The formula of the BCJ relation 
for pure gluon amplitudes do not hold for mixed amplitudes. 

2 Many of them due to the BCJ relation. 

3 In [5], KK relation is proved via new color decomposition. 




(1.5) 
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In the second case, there is disk relation for amplitudes with n gluons coupled to m gravitons which 
express the (n, m) mixed tree amplitudes by n + 2m-point pure gluon tree amplitudes. This relation was 
first considered in string theory [4, 27] and have been shown to hold for MHV amplitudes with only two 
negative helicity gluons[28]. In [28], a helicity independent formula of disk relation for (n, 1) amplitudes 
is conjectured. In this paper, we will use BCFW recursion relation and the relations among pure gluon 
amplitudes to prove the relation for (n, 1) amplitudes. Using the disk relation for amplitudes with n gluons 
coupled to one graviton and the relations among pure gluon amplitudes, we can give another proof of the 
color-order reversed relation, [/(l)-decoupling identity and KK relation. 

The structure of this paper is as follows. In section 2, we will discuss the mass dimension of the 
amplitude. In section 3, we will give the three point amplitudes for mixed amplitudes by S-matrix program. 
In sections 4, 5 and 6 we will prove the color-order reversed relation, J7(l)-decoupling identity and KK 
relation for mixed amplitudes by BCFW recursion relation. We will prove the disk relation for mixed 
amplitudes with only one graviton in section 7. In the sections, 8, 9 and 10, we will give another approach 
to the color-order reversed relation, [/(l)-decoupling identity and KK relation for mixed amplitudes with 
only one graviton by disk relation. At last, in 11, we will give some remarks on the BCJ relation for mixed 
amplitudes and disk relation for mixed amplitudes with more gravitons. 

2 Mass dimension of amplitude 

As we have said, in this paper we will use the BCFW on-shell recursion relation plus some general principles 
in quantum field theory to discuss the tree-level amplitudes of gluons coupled to gravitons. These general 
principles include Lorentz invariance, gauge symmetry, dimensional analysis and analytic property etc. We 
will discuss the implication of these general principles one by one, but in this section we will focus on the 
analysis of mass dimension. 

The mass-dimension of pure gluon amplitude: The mass dimension of pure gluon tree-level 
scattering amplitude is (4 — n) 4 . The reason for this result is following. First the mass dimension of gauge 
field A is one. For the calculation of scattering amplitudes, we have replaced off-shell field A by on-shell 
polarization vector (the wave function) which is dimension zero(for example ^yxy)> thus each time we add 
one external particle, we have reduced the mass dimension by one. Secondly, the inner gluon propagator 
is given by following replacement AA — >• \, so each gluon propagator reduces the mass dimension by four. 
Using above two observations and the starting point that each vertex is mass dimension four (so under 
the J d 4 x will give mass dimension zero) , we reach the conclusion that the mass dimension of n gluons is 
(4 — n). Furthermore the overall coupling constant of n gluons is g n ~ 2 where g is the coupling constant of 
gauge theory. 

The mass-dimension of graviton: The mass dimension of graviton field h is again one. The big 
difference from gauge theory is that the coupling constant k has mass dimension minus one. Similarly 
to gauge theory, each time we add one external graviton the total mass dimension is reduced by one 

4 The mass dimension of spinor is |, thus the Lorentz invariant contraction (1|2) has the mass-dimension one. 
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which each inner propagator of graviton reduces the mass dimension by four. Combining these together 
we know immediately that the total mass dimension of n graviton amplitude is (4 — n) with the form 
K n ~ 2 A4, thus the mass dimension of Ai is always 2. This is consistent with the KLT relation where we 
have M. Als n ~ 3 , so the mass dimension by KLT relation is 2(4 — n) + 2(n — 3) = 2. 

The mass dimension of gluon coupling to graviton: Now we consider the mixed case where 
n gluons couple to m gravitons. For this case, the mass dimension analysis is a little bit complicated. 
To see this, let us start with three-point vertex. The dimensional analysis, Lorentz invariance plus the 
weak coupling limit tell us that the leading contribution must be nd 2 A 2 h. Using this to construct the 
effective four-point vertex, we obtain K 2 d 2 A A or K 2 d 2 A 2 h 2 . Thus we see that even for A 4 vertex, there 
are two of them: one from pure gauge theory with coupling g 2 and one by contraction of gravitons with 
coupling K 2 Sij. In string theory, we have g ~ k£ (where i is string scale) and both terms are equivalent 
important. However, in field theory these two coupling constants are independent to each other and we 
can take different ordering. In this paper, we will take the limit g > k, thus the leading contribution of 
given external particle configurations are these without inner graviton propagators. In this paper, we will 
focus on these leading contributions which can be used to compare with these obtained from string theory 
by taking the field theory limit. The general form of these leading terms are g n K m A4 n - m with mass 
dimension [-M n;m ] = 4 — n. As we will show later, we have A4 n - m ~ s m A n+ 2m and it is easy to check the 
mass dimension is indeed right. 

We want to emphasize one thing also. For our study of mapping, the amplitude of pure gluon part is 
not general, i.e., the particles corresponding to gravitons having special momenta. Thus what we have is 
a special limit of these pure gluon amplitude. As we will see, there is some nontrivial thing happening. 

3 The three point amplitudes 

In this paper, we try to make the discussion as general as possible, particularly we do not want to use 
the explicit Langrangian formula. The only unfamiliar assumption we have made is the applicability of 
BCFW on-shell recursion relation for the calculation of tree level scattering amplitude. To be able to do 
recursive calculations, there is a staring point, i.e., the three point amplitude. In this section we will show 
that for three point amplitudes of given massless particles with definite helicities, Lorentz symmetry, spin 
symmetry, gauge symmetry plus the mass dimension almost uniquely fixed them to be (See the paper [26]) 
a particular form. Let us see how this is reached. 

First, momentum conservation tells us that we should focus only on the holomorphic part or anti- 
holomorphic part. From the Lorentz symmetry and spin symmetry we have following differential equation 
for three-point amplitude 




[hclicity-cq] 



(3.1) 



where 





hfc, i,j,k = 1,2,3, i^j^k 



(3.2) 
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is a particular solution of (3.1) with mass dimension hi + h2 + 113. Now we write M3 = F3G3 with arbitrary 
function G3, thus the equation for G3 is 

r/Ai|A\^ G f((i|2),<2|3),(3|l» = 0, Vi (3.3) 

which up to some delta-function case, has only constant solution with mass dimension [M3] — (/ii + Z^ + ^s) 5 - 
This lead us to write down 

M 3 = k h {l\2) d:i (2\3} dl (3\l) d2 + k a [l|2]^ da [2|3]~ dl [3|l]~ d2 , [M3 " gcnl (3.4) 

where = (Aj) a (Aj);,e a6 and = (\i)a(Xj)j ) e ab . Applying (3.4) to various situations we can obtain 
many interesting results. For example, if three particles are gluons, (3.4) implies A(l,2,3) = — A(3,2,l) 
for color-order amplitude. Staring from this simple result plus the BCFW recursion relation, general 
color-order reversed relation, the [/(l)-decoupling relation, the KK-relation as well as the new discovered 
BCJ relation are all proved easily. Similarly, if three particles are gravitons, (3.4) implies Mz(l,2, 3) = 
A3 (1,2, 3) 2 there M3 is three-point amplitude of gravitons. Using this result plus the BCFW recursion 
relation, the KLT relation is proved recently. In our mixed case, there are also some nonzero configurations, 
for example the one with two gluons and one graviton A2 ; i 6 . For this one, we have A(gi, g2] H±) = 
A(g2,gi',Hi) which is trivially true. This relation will be used in our late proof of some relations. 

Having above general discussions, we will give more details for different configurations. Since results 
for pure gluons or pure gravitons are well known, we will focus only on the mixed case A n ,m with mass 
dimension (4 — n) . 

3.1 One gluon plus two gravitons 

The simplest case is one gluon with two gravitons with mass dimension three. Let us proceed it by 
dimension analysis. Using parity symmetry we can focus on following three helicity configurations. 

Helicity A(g± ; Hf + , H£ + ): Since ^ hj = +5 and d\ = —3,^2 = ^3 = — 1, from (3.4) the possible 
nonzero contribution is the factor [c/i | -f^i] [H\\H2f [fl^gi], which has the dimension five, times a factor 
which is helicity neutral and mass dimension minus two. The only possibility is to insert Sij at the 
denominator, which is singular. So we know this helicity will have zero amplitude. 

Helicity A(gf ; H^~ + , H 2 ): Since h; = +1 and d\ = 1,^2 = 3,^3 = —5, the possible nonzero 
contribution is the factor [<7i|i2i] 5 [iiili^] -1 [^l^i] - 3 > which has the dimension one, times a factor which 
is helicity neutral and mass dimension two. Thus we need to insert a factor Sj, in numerator, which will 
give zero result on-shell. 

5 Here we have excluded the case where we can construct the Lorentz invariant contraction other that { | ). For example, 
in the non-commutative field theory we can construct kp.q v Q^ v with antisymmetric constant 9. 

6 In this paper, we use M and A to denote the total amplitudes and partial amplitudes Respectively. For amplitudes 
with n gluons and m graviton, the two amplitudes are connected by color decomposition: M(g1 1 , g„ n ; Hi, H m ) = 
E Tr(T a °M ...rM">)A(g CT(1) , g a{n) ; Hi, H m ) . 
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Helicity A(g±; Hf + , H^): Since ^ hj = +3 and d\ = —5,(^2 = <^3 = +1) from (3.4) the possible 
nonzero contribution is the factor [gili^i]" 1 [Hi\H2]° [i?2|0i] _ , which has the dimension three, times a 
factor which is helicity neutral and mass dimension zero. Thus this configuration could be nonzero. Thus 
this example shows that just dimension analysis plus Lorentz symmetry can not exclude its existence, the 
gauge symmetry must be used. The reason that we must have at least two gluons to be gauge invariant is 
because non-abelian gluons carry color charges, so the charge neutral condition requires this. 

3.2 Two gluons plus one graviton 

By parity symmetry we can fix graviton to be positive, thus we have following three helicity configurations 
with mass dimension two to consider. 

Helicity A(g^~ , ; ): By general argument, it should be given by factor [51(52] [52(^1] [0i|#i] 
with mass dimension four times another helicity neutral factor with mass dimension minus two. The only 
way is to insert a factor Sij in denominator which will be singular. Thus the amplitude should be zero. 

Helicity A(gf,g2~,H 1 ): This is the tricky case since ^ hj = 0. The holomorphic part has factor 
(fi'ils^) -4 {gi\Hi} 2 {g2\H\) 2 while anti-holomorphic part has factor [51I52] 4 [5i|-f^i] _2 [fi^l-Hi] -2 - Both have 
the mass dimension zero while we need mass dimension two, so the only way is to insert a factor. Thus 
no matter which part (holomorphic or anti-holomorphic) we take, the insertion of will give zero result. 

A(gf ,g^ , , hj~) (See the disk relation given 



~ s 



yig-i 



This is also consistent with our claim A(g^ , g£ ; 
in [28]) as we will discuss late. 

Helicity A(gf , g^ ; H^ + ): By general argument it should be factor [<?i|<72]~ 2 [fi^l-ffi] bil-^i] 4 with 
mass dimension two times another helicity neutral factor with dimension zero. Thus this configuration can 
have nonzero result and in fact, it does. 

Let us discuss this helicity configuration more carefully. By the mapping relation we will present late, 
we will have A(gf , g^\ H^~ + ) = s gig:i A4(gf , hf , g^ , hf) where the momentum ph x = = \ph-l- Naively 
since A^(gf , hf , g^ , hf) has only one negative helicity and is zero. However, the whole conclusion is very 
tricky and let us do some general analysis based on symmetry and dimension. 

By spin symmetry and mass dimension we get following general expression 



92\hi 





01lhl 




(02lhl) 


02 1^1 


[01 M 





ht 


\hi 




(01 [02) 


[0i 


hi] 


02 1^1 



a34 [<02|/il)(0l|/ll)[0lM 
&23 



02 [hi 



1(214 



K01I02) (02 1 M \gi\h\Y 



02 1 hi 



(3.5) 



where we have used the on-shell condition for four gluons (i.e., pj = 0), but not the momentum conservation 
condition as well as the color ordering information. Parameters like b, a are free integers. Using the 
momentum conservation, we can write 



(02 1 hi) (0i|hi) [01 1 hi] 



02 1 hi 



02|hi) (gi\h 



0i I hi 



02 1 hi 



(3.6) 
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Si 1^1 



ffll^l 



and similarly another factor. Furthermore, — 

<S2|/ii>[32 I'll] [pi I'll] (Si I'll) [Si I'll] [Si I'll] 

factor. Having done all these we will have following expression 



A(gt,ht, ht) ~ s^l/ g f g2 s2l[(92\9i) [gilh] 



9i\hj 



| 2 S 013 S 612 S 014 

I A Si'M 6 SlS2 6 gi fe 1 



and similarly another 



, (3.7) 



[gi\hi] 


9i\hi 


[91 


92} 



where we have used the s gig2 = s^ -^ etc. The color-ordering information tell us that we should have pole 
s gihi an d s gi h 1 w ith power at most one in denominator. Finally mass dimension zero tells us that the 
solution should be 

2 

Sn 



A{g+,h+,g 2 ,hf) 



'S1S2 



[gi\hi] 


9i\hi 


[91 


92} 



[A4-gcn] 



(3.8) 



S g 1 h 1 S 9ihi 

Formula (3.8) is well-defined if momenta of four particles are general distributed. However, for our consid- 
eration, momentum configuration is very special ph x = pj li = \vH\ ■ At this special point, A(gf, hf,g 2 , hf) 
is singular and we should put the whole gluon scattering amplitude to zero. 
For A2-i, thing is different since we will have 



A (9f,9 2 ; H i + ) ~ s gihl A(gf,hf,g 2 ,hf) 



J SlS2 

s z 

Si«i 



[gi\hi] 


9i\hi 


[91 


92} 



(3.9) 



After using momentum conservation s gig2 
obtain 



— s gi h 1 ano - fi nan y the degenerate limit ph x = Pj n 7 , we 



A(gt, 92 -;Hl 



(3.10) 



which is well defined. 

We can have another understanding by using the BCFW recursion relation. Using the BCJ relation, 
the mapping can be write to another form A(gf , g 2 ; Hf + ) ~ s gig2 A4(gf,g 2 ,h^,hf). Let us calculate the 
right hand side by taking the BCFW (g\ ^-deformation, i.e, \ g2 — > X g2 + zX gi and A 9l — > X gi — z\ g2 . The 
A4 part is given by 



MPf 1 


hi\gi 


3 


[P\<h] [92\P] s gig2 [ 5l |p] 


P\hi 



with z = =fe^ and \g 2 ] = Mjf4 \hi], \P] = \h{\. Putting it back and using 



hi 



\h±] in our special 



momentum configuration we have [ 9l ^ hl } 2 — - — . Multiplying the factor back we get immediately 

[Sl|S2] S 9192 



A (gfi92 ; H t + ) ~ s gi92 A i{gt ,92 , h f,hf 



2 • 



(3.11) 



It is worth to notice that we have used the momentum conservation before taking the = pj ll limit. 
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One important consequence is that 

A(gi,gt;Hf+) ~ s gi92 A^, g+, hf, hf) ~ ( 3 .12) 

thus we have 

A(g+,gZ;H+ + ) = A 2;1 (g^ , gf; H++). (3.13) 

Although it is obviously true because Tr(T\T 2 ) = Tr(22Ti), h will play important role in proofs given in 
late section. 

Finally we want to emphasize again that the mapping we have used in this part is defined only at 
special momentum configurations where ph 1 = ■ 

4 The color-order reversed relation 

Having done some general discussions, we will move to the proof of some identities of tree-level scattering 
amplitudes of color-ordered gluons coupling to gravitons at the leading order, i.e., we have neglected 
contributions with graviton propagators. The proof are similarly with in the pure gluon case[6]. However, 
the boundary case are more complicated since there are gravitons in the amplitudes. 
The first identity we will prove is the color-order reversed relation 

A(g 1 ,...,g n ;H 1 ,...,H m ) = (-l) n A(g n ,...,g 1 ;H 1 ,...,H m ), rc>2,m>l. (4.1) 

As we have remarked before, we have excluded the case n = 1. Since there are two integers (n, m), the 
induction proof will go along both directions, especially there are two boundary cases: one is m = 1 with 
arbitrary n > 2 and another one, n = 2 with arbitrary m > 1. To prove this inductively, we define 
N = n + m and assume (4.1) is true for any 3 < N < N, then we prove (4.1) for N + 1. Furthermore, the 
starting point n = 2, m = 1 for N = 3 is obviously true as discussed in previous section. 

The organization of this section is following. First we give a simple example. Secondly we deal with 
boundary case m = 1 and thirdly we deal with the boundary case n = 2 and finally we give a general proof 
for arbitrary (n, m). Although for our general proof, we do not need to prove two special cases, we present 
them here to demonstrate our idea more clearly. 

4.1 An example 

The simplest example of color-order reversed relation for mixed amplitudes is 

A(g l ,g 2 ,g 3 ;H l ) = {-l)A{g 3 ,g 2 ,g 1 ;H 1 ). (4.2) 
To see this, we could expand the amplitude A(g±, g 2 , 53; Hi) by BCFW recursion [20, 21] relation as 8 
A(gi, g 2 , g 3 ; Hi) = A(g u g 2 ,P\ - P,g 3 ;Hi) + A(Hr,gi,Q\ - Q,g 2 ,g 3 ) 



In this paper we usually express the BCFW expansion (1.5) as M n = ^ Mx(pi, Pt,j\ ~ P% j>Pj) = Mz(Pi\Pj) f° r short. 

X,J,h 

We use \i II //.:/,, ,,,.,/,., /,, :// //,, i to denote ^±r^2i£>E± ^ )M -P, ai + 1 g„,H <+1 n m) 
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= (-i) 2 A(^ i; g3,-P|^,52,5i)(-i) 2 + (-i) 3 ^(?3,92,-Q|Q,5i;^i)(-i) 2 

= (-l) 3 A(g 3 ,g 2 ,gi;H 1 ), 

where the color-order reversed relation for pure gluon amplitudes as well as the mixed amplitudes with 
only two gluons are used. Thus we get the color-order reversed relation for amplitudes with three gluons 
coupled to one graviton. 

4.2 The boundary case with m = 1 

Now let us consider the boundary case with m = 1 and arbitrary n. The starting point m = l,n = 2 is 
true by our general discussions. Using BCFW expansion, we can write 

A(9u 9n, Hi) = Mdi, [92,-,gn-i},9 n ;Hi) + A(Hr,gi, [52, ...,g n -i],9n) 

= (-l)^ 2 A(fT i; ^ n ,[g n _i,...,^],^) + (-l) n+2 A(? n , .,^,^5^) 
= (-lfA^,...,^;^), 

where we have used [g2, ...,g n -i] to denote the sum over all possible ordered splitting allowed by BCFW 
expansion. At the second line we have used the color-order reversed relation for pure gluons and for 
m = 1 with less than n gluons. At the third line we recombine all component to give the amplitude 
A(9n, -,9i;Hi). 

4.3 The boundary case with n = 2 

Now let us consider the boundary case with n = 2 and arbitrary m > 1. The starting point m = 1, n = 2 is 
true by our general discussions. Also that this particular case is true for general m is also obviously because 
with only two elements, Tr(TiT2) = Tr(T2Ti). We can also give it a proof by using BCFW expansion as 
following. For a given distribution of {H}, e.g. {Hi, ...,Hi} in the left set and {flj+i, ...,H m } in the right 
set, we have 

A(g 1 ,g 2 ;H 1 ,...,H m ) = A(H U 

= A(H i+l ,...,H m ;g 2 \g 1 ;H 1 ,...,H i ). (4.3) 

We should notice that in A(g 2 , gi; H±, H m ), there is a term (flj+i, H^^lgi; Hi, Hi) in BCFW 
decomposition. Thus, after summing over all the possible distributions of gravitons, we get the color-order 
reversed relation for mixed amplitudes with only two gluons 

A( gi ,g 2 ;Hi,...,H m ) = A(g 2 ,gi;Hi,...,H m ). (4.4) 

4.4 Color-order reversed relation for amplitudes with gluons coupled to gravitons 

Now we prove the general color-order reversed relation for amplitudes with n gluons and m gravitons. The 
amplitude can be given by BCFW recursion relation as a sum over all the possible ordered splitting of the 
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gluons and all possible distributions of the gravitons. For a given distribution with {H\, ...,Hi}, {g 2 , 
in the left set and {Hi + i, ...,H m }, {gk+i, ■■■,9n} m the right set, we should have 

A(Hi, ...,H;gi,g 2 , ...,g k \g k +i, 9n-i, 9n\ H + i, H m ) 
= (— l) n ~ h+1 A(H i+ i, H m ; g n ,9n-i, ■■■,9k+i\9k, ■■■■> 51 j Hi, Hi)(—l) k+1 
= (-l) n A(H i+1 , ...,H m ;g n ,g n -i,...,g k+1 \g k , gr, Hi, Hi). (4.5) 

where we have used the color-order reversed relation for N' < N amplitudes. Thus this terms just 
correspond to a term in the BCFW decomposition of A(g n , g n -i, — } gi', Hi, H rn ). After summing over 
all terms and using the color-order reversed relation for N' < N amplitudes, we get the color-order reversed 
relation (4.1). 

5 The [/(l)-decoupling identity 

The second identity we try to prove is the U (l)-decoupling identity for tree amplitudes with gluons coupled 
to gravitons. It is given by 

A(gi,g-z,...,g n ;Hi,...,H m ) + A(g 1 ,g 3 ,g 2 , ...,g n ;H 1 , ...,H m ) + ... 
+ A(g 1 ,g 3 ,...,g n ,g 2 ;H 1 ,...,H m ) = 0, n>3,m>l. ^>^-^ (5.1) 

where we have moved g 2 to right one by one while keep the relative ordering of (gi, 53, 54, g n ). Similarly 
to previous section, our proof will go along N = n + m inductively. The starting point is n = 3, m = 1 
which we will prove in following. 

5.1 An example 

Let us start again with simple example where n = 3, m = 1. Using BCFW, we can expand the three-gluon, 
one-graviton amplitudes as 

M9h 92, 93; Hi) = A(Hi;gi,P\ - P,g 2 ,g 3 ) + A(g 3 ,g u Q\ - Q,g 2 ;Hi), 

A(gi,g 3 ,g 2 ;Hi) = A(Hi;gi,P\ - P,g 3 ,g 2 ) + A(gi,g 3 ,Q\ - Q,g 2 ;Hi). (5.2) 

Using the [/(l)-decoupling identity for pure gluon A(gi, g 2 , g 3 ) + A(gi, g 3 , g 2 ) = 0, we get immediately 

A(gi,g 2 ,g 3 ;Hi)+A(gi,g 3 ,g 2 ;Hi)=0. (5.3) 

For the special case, we see the ?7(l)-decoupling identity for A3 1 amplitudes is nothing, but the color-order 
reversed relation for A3 ; i amplitudes. 
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5.2 £/(l)-decoupling identity for amplitudes with gluons coupled to gravitons 

Now let us turn to the general U (l)-decoupling identity for amplitudes with n gluons coupled to m gravitons. 
For the amplitude A(g±, g k , g 2 , 9k+i, ■ ■■,9n\ H±, H m ), we should sum over all the possible distributions 
of the gravitons and gluons. For a certain distribution of gravity, the sum over all possible distribution of 
gluons is 

A(Hi, ...,Hf,gi, [<7 3 , gk], 92, 9k+i, ■■■9n',H i+ i, ...,H m ) 
+ A(Hi, ...,Hf,g n ,gi, [g 3 , gk],92, 9k+i, 9n-i\ H%+i, ■■■,H m ) 
+ ... 

+ A(Hi, ...,Hi;g k+ i, g n , g\, [g 3 , 9k], 92] -ffj+i, H m ). 

For a given pole, the sum over all the possible positions of g 2 becomes the sum over all the possible positions 
of g 2 in the right set. Since we assumed there are [/(l)-decoupling identities for amplitudes with N' < N, 
we can use J7(l)-decoupling identity in the right set. For example 

n 

/.^■(Hi, ...,Hi;gi,g 3 \g4, ...,g k ,g 2 ,gk+i, ...,g n ;H i+ i, ...,H m ) = 0. (5.4) 

fc=3 

After summing over all the possible poles, we get the J7(l)-decoupling identity. 

We should discuss the special case with only g 2 in the right set when there are gravitons in the right 
set. In this case, there are only two gluons in the right set, thus we cannot use the [/(l)-decoupling identity 
in the right set. For example 

A(Hi, Hf,g k+ i, ...,g n ,gi,g s , ...,g k ,P\ — P, g 2 ; H i+ i, ...,H m ) (5.5) 

The sum over all the positions of g 2 becomes the sum over all the positions of P in the left set. Thus we 
can use the i/(l)-decoupling identity in the left set, the sum of these terms also gives zero. 
Considering all the contributions of poles, we get the [/(l)-decoupling identity (5.1). 

6 The KK relation 

The third identity we want to prove is the generalized KK relation for amplitudes with gluons coupled to 
gravitons, which is given by 

A(g 1 ,{a},g l ,{(3};H 1 ,...,H m ) = (-l) n P £ A( 9l ,a, gr, H u H m ) n>3,m>l. 

rtOP({a},{^}) 

where the sum is over the ordered permutations of set (a,/3 T ) where the relative ordering of elements of 
set a is kept (so as the set f3 T , where T means the reversed ordering). The np is the number of set f3. 
If the set a is empty, it is the color-order reversed relation. If the set a has only one element, it is the 
[/(l)-decoupling identity. Thus the KK-relation is more general. 
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6.1 An example 

The simplest KK relation for mixed amplitudes is n = 3,m = 1 which is nothing, but the [/(l)-decoupling 
identity we have proved. Here we give a nontrivial KK relation for amplitudes with six gluons coupled to 
one graviton as an example. Using BCFW recursion relation, we have 

-4(5i, {92, 93}, 94, {§5,96}; Hi) 
= M9i, {#2}|{ff3},?4, {95, 96}; Hi) + A({g 6 },gi, {g 2 }\{g 3 } ,g^, {95}; Hi) 
+ M{95,9e},9i, {92}\{93},94;Hi) + A(g x , {g 2 , 53>|?4, {#5, 9e}; Hi) 
+ A({9e},9i, {92,93}\94,{95};Hi) + A({g 5 , g 6 }, g u {g 2 , 53>|?4; #1) 
+ A({9e},9i, {{92,93}, 94, {95}; Hi) + A({g 5 , g e },gi, \{g 2 , 53}, 94\ Hi) 
+ terms with Hi in the left set. (6-2) 

Here, we choose the momenta of gi and g^ as shifted momenta. We can use KK relation for amplitudes 
with less gluons in the left and the right sets 9 . By induction, we get 

-4(51, {92, 9s}, 94, {g5,ge};H 1 ) 
= [M9i,{92}\{93,9&,9b},94;Hi) + A(gt, {g 2 }\{ge, 53, 9b], 94\ Hi) + A(gi, {g 2 }\{g 6 , 95, 93}, 94] Hi)} 
+ [M9i,{92,96}\{93,95},94;Hi) + A(#i, {g 2 ,S6}|{55,53}, <?4;#i) + g u {g 6 , g 2 }\{g 3 , 55}, 94\ H x ) 
+ ^ < (9\,{96,92]\{9h,9-3],94;Hi)\ + [A(g x , {g 6 , g 5 , g 2 }\{g3}, 94; Hi) + A(g t , {g 6 , g 2 , g 5 }\{g 3 },g 4 ; Hi) 
+ M9i, {92, 96, 95}\{93},94; Hi)] + A(g 1} {g 2 , g 3 }\{g 6 , g 5 },g 4 ; Hi) + [A(gi, {g 2 , g 3 , g e }\{g 5 }, 94\ Hi) 
+ M9i,{92,96,93}\{95},94;Hi) + A(gi, {g 6 , g 2 , g 3 }\{g 5 },g 4 ; H x )} + [A(gi, {g 2 , g 3 , g 6 , g 5 }\g 4 ; H x ) 
+ M9i, {92, 96, 93, 95}\94; Hi) + A(gi, {g 2 , g G , g 5 , g 3 }\g 4 ; Hi) + A(g x , {g G , g 2 , g 3 , g 5 }\g 4 ; H x ) 
+ M9i, {96, 92, 95, 93}\94; Hi) + A(gi, {g 6 , g 5 , g 2 , g 3 }\gi; Hi)} + [A(gi, {ge}\{g 2 , g 3 , 95}, 94\ Hi) 
+ M9i,{96}\{92,95,93},94;Hi) + A(gi, {g 6 }\{g 5 , g 2 , g 3 },g 4 ; H ± )} + +A(g 1 ,{g 6 ,g 5 }\{g 2 ,g 3 },g i ;Hi) 
+ terms with Hi in the left set. (6-3) 

The equation above can be reexpressed as 

M9i, {92, 93}, 94, {95, 9&}; Hi) = A(gi, [g 2 , g 3 , g 6 , g 5 }, g 4 ; H x ) + A{g u [g2, 96, 93, 95}, 94] Hi) 

+ Mdi, [92, 96, 95, 93}, 94] Hi) + A(g u [ge, 92, 93, 95}, 94] Hi) + A(g x , [g 6 , g 2 , g 5 , g 3 }, g 4 ; H x ) 

+ A(gi, [96, 95, 92, 93}, 94', Hi) + terms with Hi in the left set. (6.4) 

9 In this example, the KK relations with less gluons are just color-order reversed relation, t/(l)-decoupling identity and 
their combination. 
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The terms with H\ in the left set have similar expressions. Thus we get the expression of KK relation 
A{gi, {92, 53}, 54, {55,56};#i) = A(gi,g 2 , 53, 96, 95, 54! Hi) + A(gi, g 2 , 56, 53, 95, 9a; Hi) 
+ A(gi,g2,g6,g5,93,gA;Hi) + A(gi, g 6 , g 2 , 53, 55,54! Hi) + A(gi,ge,g 2 ,g 5 ,g 3 ,g / i;Hi) 
+ A(gi, g 6 , 55, g 2 , 93,94', Hi). (6.5) 

6.2 KK relation for amplitudes with gluons coupled to gravitons 

Now we turn to the general discussion on KK relation for A(gi, {g 2 , gi-i}, gi, {gi+i, ■■■,g n } 4 , Hi, H m ). 
To construct this amplitude by BCFW recursion relation, we should sum over all the possible poles, i.e. we 
should sum over all the possible distributions of gravitons and gluons. For a given distribution of gravitons 
and gluon e.g. we consider A(Hi, Hf, {^l},^, {a L }\{a R },gi, {a R }; H i+1 , H m ). In this case, we can 
use the KK relation in both size 

A(Hi, H; {Pl},9i, {aL}\{aR.}, 9i, {or}; Hi, H m ) 

Yl zZ (-l) n ^^i,...,^;?i,a L |^,^;^m,---,^n)(-l) n ^. (6.6) 

<TLeOP{{a L },{l3 L } T )a R eOP{{a R },{j3 R } T ) 

Summing over all the possible distributions of gluons, using the KK relation in each term for both size, we 
get 

zZ zZ zZ (-lr^AiHu.^H^guaLlaR^-Hi+i,...^^) 

distributions of {a}and{/3} a L £OP({a L },{/3 L } T ) (T R €OP({a R },{/3 R } T ) 

This just gives 

^ A(Hi,...,Hi;gi,[a],g n ;H i+ i,...,H m ). (6.8) 

*eOP({a},{pT} 

To see this, we should count the number of terms in each expression as in [6]. In (6.7), there are 

n a np na np . . 

Z^ Z^^-j+i^n a -i +j Z^Z^ i\( ng -j)\ j\(n a -i)\ ' K ' 

i=0 j=0 i=0 j=0 v p ■" ; 

In (6.8), there are ^f-j^r" ( ra " + n /3 + -0 terms, thus these to expression give the same number of terms. 
There are two special cases when the gravitons are all in left or right set. We take all gravitons in the left 
set as an example: 

ZZ zZ E (-lr^AiH^.^H^gi^LlaR,^). (6.10) 

distributions of {«}and{/3} a L eOP({a L },{/3 L }T) a R eOP({a R },{/3 R }T) 

There are Y"! Y~! ^rr ^?~' + ^,| ! — ^""l"" 73 / terms in the above equation. This is because the left set 

f^ j^ l! ( n /3-J) ! y-(n a -i)\ n a \np\ 

cannot only contain g\. Respectively, there are only ^ip-j^r- (n a + np) terms in the BCFW expression 
A(Hi, H m ; gi, [cr],gi). Thus the numbers of terms also match. After summing all the distributions of 
graviton, we get the KK relation (6.1). 
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7 The disk relation for amplitudes with gluons coupled to one graviton 

In the sections 4, 5 and 6, we have discussed color-order reversed relation, U(l)-decoupling identity and 
KK relation. These are the relations among amplitudes with gluons coupled to gravitons at the leading 
order. To study the relationship between gravity and gauge field, we should also consider the relation 
between mixed amplitudes and pure gluon amplitudes. In fact, the (n, m) MHV amplitudes with only two 
negative helicity gluons can be expressed by n + 2m-point pure gluon amplitudes [28] . This relation reflect 
the structure of disk amplitudes in string theory [27], [4] thus we call it disk relation. Though the formula 
of the disk relation for MHV amplitudes given in [28] depends on the helicity configuration, we expect 
there is a helicity-independent formula like the KLT relation. In [28], a helicity independent formula of the 
disk relation for (n, 1) amplitude is conjectured as 

M9i,92, -,g n ; Hi)= £ s mM J2^n+2(P), (7.1) 

Kl<n P 

For a given I, P are the permutations which preserve the relative order of the gluons gi, g 2 ,...,g n . in P> 
one of the gluon corresponding to H\ is inserted between gi, gi while the other one is inserted between gi 
and g±. The relation (7.1) can be rearranged into 

A(9ii92, -igniH-i) = ^2 S ij A(gi,...,g i ,h 1 ,g i+1 ,...,g j ,h ll g j + 1 ,...,g n ). [Dlsk " 1] (7.2) 

l<i<j<n 

where hi, hi are the two gluons corresponding to the graviton Hi with momenta = = \ph 1 i 
Sij = Ylt=i+i s gthi ■ We call this expression the first formula of the disk relation. 

Let us give some remarks for formula (7.2). First the amplitude A n+2 at the right hand side is not 
the general one because hi, hi always have same helicity and momentum, so the right hand side is the 
sum of these constrained amplitudes and has some properties which are not shared by unconstrained 
ones. Secondly the pole structure is also constrained. For example, we have propagator P = p gi + p g2 + 
... + p gk + Phi at the left hand side, this is given by (hi, gi, g^, hi) propagator at the right hand side. 
Exactly because we need to match up all possible propagators at the left hand side, we need to insert at all 
possible positions as indicated at right hand side. However, with this configuration we have the propagator 
P = Pgi + •■• +Psfe +Phi at the right hand side which can not be found at the left hand side, thus we need 
to insert Sij factors to cancel the un-physical pole. 

Let us give one example to demonstrate the cancelation of unphysical pole. The first formula of disk 
relation (7.2) gives 

A{gii g 2 ,g 3 ;Hi) = s hig2 A(gi,hi,g 2 ,hi,g 3 ) + (s him + s hl93 )A(gi, hi,g 2 ,g 3 ,hi) + s higa A(gi,g2,hi,g 3 ,^!i^) 
To simplify above formula we do following 

M9i,92,93;Hi) = s hig2 A(gi,hi,g 2 , hi,g 3 ) + (sh l92 + Sh l9a )A(hi, gi, hi,g 2 ,g 3 ) + s hl93 A(hi, gi, g 2 ,hi, g 3 ) 
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= s hig2 A(g 1 ,h 1 ,g 2 ,h 1 ,g 3 ) + s h j ii A{hi,hi,gi,g 2 ,g 3 ) = s hl g 2 A(gi,h 1 ,g 2 ,h 1 ,g 3 ), 

where we have used the BCJ relation for the last two terms at the first line. The reason that term 
s h ^A(h\,h\,g\,g2,gs) is zero should explain. For hi, hi nearby and taking the collinear limit pi tl = , 
amplitude A$(hi, hi, gi, g 2 , g 3 ) will reach A^(Hi, gi, g 2 , g 3 ) multiplying by a divergent collinear factor as 



hi\hi 



we get zero. 



-, — 7=-r- or T — depending on the helicity. Thus after multiplying s, r = (hi\hi 

(hi\hi) [hi\hi\ n,\hi \ 

Now we see the factor Sh ig2 get rid the unphysical pole Sh ig2 , s h ig2 as we have claimed. Furthermore, 
using momentum conservation s gi93 = Sh ig2 + s h ig2 + • S X 1 / 11 = 2% lff2 , we arrive 

M9i, 92, 93] Hi) = 2s gigs A(gi,hi,g 2 ,hi,g 3 ) (7.4) 

which up to a scaling factor two is given already in [28]. 

Another formula: As we have remarked, the right hand side of (7.2) is constrained in momentum 
space, thus there exists a simplification. Let us focus on these special terms with j = n, i.e., we have 
A(gi, gi, hi, g n , hi). The sum of these terms is following 



S in A(gi, ...,gi,hi,...,g n ,hi) 

l<i<n-l 

= X] (S in + s h j ii )A(gi,...,g i ,hi,...,g n ,hi) - ^ s^Afa, hi, ...,g n , hi) 

l<i<n-l l<i<n-l 

= ^2 ( s in + s hl hJ A (9l, -,gi,hi,...,g n ,hi) + s hilii [A(gi,...,g n ,hi,hi) + A{g x , ...,g n ,hi, hi)] 
l<t<n-l 

= Yl S ih 1 A (9u---,9uhi,...,g n ,hi) + s h j ii A{g u ...,g n ,hi,hi), (7.5) 

l<i<n 

where in the third line we have used the [/(l)-decoupling identity for the second term in the second line, 
while in the fourth line we have recombine them into the BCJ identity for the first term. For the fourth 
line, the first term is zero by BCJ relation. The second term is zero for which we have discussed already. 
This calculation leads us to the second formula 

A(gi,...,g n ;Hi) = ^ S ij A(gi,..,g i ,hi,g i+ i,...,g j ,hi,g j+ i,...,g n ). [Disk " 2] (7.6) 

l<i<j<n-l 

Cyclic symmetry: There is one point we have not discussed yet. The two equations (7.2) and (7.6) 
have fixed the gi at the first position, however, as the cyclic invariance of the A n -i, we should be able to 
use gi to write the expansion at the right hand side. In other words, we should have 

A(gi,...,g n ',Hi) = ^ S ij A(g 2 ,..,g i ,hi,g i+ i,...,g j ,hi,g j+ i,...,g n ,gi) 

2<i<j<n 

+ S i iA(g 2 ,..,g i ,hi,g i+ i,...,g n ,gi,hi). (7.7) 

2<i<n 
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To show (7.2) is equal to (7.7), we consider the sum of different expressions. Using 

A(gi,...,g n ;H 1 ) = SijA{g\, ..,gi, hi, g i+ i, gj, hi,gj + i, g n ) 

l<i<j<n 

= X/ SijA(gi,g2,..,gi,hi,g i+ i,...,gj,hi,gj +1 ,...,g n ) 

2<i<j<n 

+ ^2 S ^ A (.9i,h 1 ,g 2 ,..,gj,h 1 ,g j+1 ,...,g n ) 

2<j<n 

= ^2 S ij A (92,~,gi,hi,g i+ x,...,gj,hi,gj +1 ,...,g n ,gi) 

2<i<j<n 

+ X] S ^ A (92,-,gj,h 1 ,g j+ i,...,g n ,g 1 ,h 1 ) 

2<j<n 

Using Sfngt = s h igt i the sum of the second term in previous equation can be simplified to 

s h l h 1 A ^92, --,gj,gj+i, ■■■,g n ,gi,hi,hi) 

by BCJ relation. Thus, the definition (7.2) gives 

A(gi,...,g n ;Hi) = S ij A(g2,..,gi,h 1 ,g i+1 ,...,g j ,h 1 ,g j+ i,...,g n ,g 1 ) 

2<i<j<n 

+S h 1 h 1 An + 2 (92,-,gj,gj+i,-,g n ,gi,hi,h 1 ). 

The definition (7.7) gives 

A (9i, -,9n]Hi) = ^2 s ij A (92, 9i, hi, g i+ i, gj , hi, gj+i, g n , 9i) 

2<i<j<n 

+ ^2 s a A (92,--,gi,hi,g i+ i,...,g n ,gi,hi) 

2<i<n 

= ^2 SijA(g 2 , ..,gi,hi,g i+ i, ...,gj,h\,gj + i, ...,g n ,gi) 

2<i<j<n 

+s h 1 h 1 A< ^92, -,9m9uhi,hi), 



where again we have used the BCJ relation for the second term. Since hi, h\ have same momentum and 
same helicity, they are exchangeable, thus we have shown the cyclic property of our definition 10 . 



One important remark: Our proof starts with the contour / = § z=0 Sij A n+2{z) = A n +2( 



z 



0) around z = and we will show that contributions from finite poles are nothing, but the BCFW expansion 
of An-i. However, to show that ^4 n; i = ^ SijA n+ 2, we need to show the boundary contribution is zero. 



In fact, the second term with factor s fc ^ is zero by our argument. However, our previous proof does not need to use this 
observation. 
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For the boundary part, checking our formula (7.2) with (l,n) shift, we can see that when hi is not at 
the right hand side of g n , the factor Sij does not have z-dependence, so we have - behavior. When h\ is 
at the right hand side of g n , Sij ~ z but now the gi,g n & re not nearby and have the behavior. Overall 
we have - behavior, so the boundary part is indeed zero. This fact is also trivial in the second formula 
(7.6) and in fact, it has motivated us to do so. 

7.1 The proof of the second formula 

Now we consider the BCFW expansion of the right hand side of (7.6) with deformation of pair (1, n). The 
good point of formula (7.6) is that the gi,g n are always nearby, so the BCFW expansion is much simpler. 

Assuming the left hand part with gluons (gi,...,g k ) and right hand part with gluons (g k +i, ••■,<7n) 
where k can choose from 1 to n — 1, there are following different distributions: 

• (A) Both h\, hi are in the left hand part, i.e., we will have 

SijA L (gi, ..,gi,hi,g i+ i, g j} hi, g j+ i, ...,g k ,P)A R (-P,g k+1 , ...,<?„) 



E 



l<i<i<fc S 9k + l-9n 

= Mdi, ■■■,9k,P;H 1 )A(-P,g k+ i,...,g n ) 

It is worth to mention that the left hand side include the special case A^{gi, ...,g k ,hi, —P) and we 
have used (7.6) for the left hand part. 

(B) Both hi, hi are in the right hand part, i.e., we will have 

SijA L (gi, ..,g k ,P)A R {-P,g k+ i, ...gi, hi, ...,gj,hi, ...,<?„) 



E 

k<i<j<n-l "91— 9k 

= Mdi, g k , P)A(-P, g k+1 , ...,g n ; Hi) 

S 9i---9k 

It is worth to mention that the right hand side include the special case Ar(—P, hi,g k+ i, gj, hi, g n ) 

(C) The last case is that hi belongs to the left hand part while hi belongs to the right hand part. 
This case should give zero contribution. We have 

T ST^ ST^ c ^l(9i, ■■■,9i,hi, ...,g k ,P)A R (-P,g k+ i, ...,gj,...,g n ) [1C _ 1} 

J o= 1, 2^ ^ • ( 7 - 10 ) 

l<i<kk<j<n-l it-nri! 

In (7.10) when i = k we have Al(..., g k , hi, P) while when j = k we have A R {— P, hi, g k +i, •■•)■ Thus 
rigorously we should exclude the case i = j = k. However, in this special case, Sij = so it does not, 
in fact, affect anything. 
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We observe that we can write 

Sij = s hig i+1 + s hig i+2 + + s h 1 g j 

= [Shigi+i + s h igi+2 + ••• + Shig k + s h 1 p) + ( S hi(-P) + S hig fe+ i + "' S hig^ 

where we have used the = and + = 0. Putting this back to (7.10) we obtain 

, El<i<* S iL A L {gi, foi, ...,5f fc ,P)]A i? (-P,5( fc+ i, 

= >, 

k<j<n—l 

+ ^L(?l,--Mgi,/il,---,gfc,i 3 )[Efc<j<n-l^ii?^fl(-^ 1 gfc+l^-- i gj»---^»)] po-ay 711 N 

,~rt, si2...kh! 

As explained after the (7.10) for the special cases i = j = k, the sum of these two lines in (7.11) will 
have coefficient Sn, + SjR = s^p + sj^,_p^ = 0, thus we can include this special case. 

With this writing, it is easy to see that each term is zero in (7.11) by the BCJ relation. This zero 
result is nothing, but our previous discussions about the cancelation of un-physical pole with only hi 
or h±. 

Summing all the contributions, we finished the proof of the second formula of disk relation (7.6). 
7.2 The first formula 

Since we have given the proof for the second formula, the first formula must be true. However, we can 
also give similar proof for the first formula, which demonstrate some new points. The trouble part of the 
first formula (7.2) is that when j = n, we will have A(gi, ...,g n , hi), i.e., the gi,g n are not nearby anymore, 
then the hi can be with gi as well as g n . 

Assuming the left hand part with gluons (jji,...,g k ) and right hand part with gluons (<7fc+i, ••■,<7n) 
where k can choose from fc = ltoA: = n — 1, there are following different distributions: 

• (A) Both hi, hi are in the left hand part. As we have mentioned, there are two cases. The first one 
is 

SijA L (gi, ..,gi,hi,g i+ i, ...,gj,hi,g j+ i, ...,g k ,P)A R (-P,g k+1 , ...,g n ) 



l<i<j<k S 9k + l---9n 

= A(gi, g k , P; Hi)A(-P, g k+x , ...,g n ) 

S 9k+l—9n 

The second one is when j = n and the BCFW expansion putting hi to the left hand part. Using the 
momentum conservation we can write it as 

,A L (hi,gi, ..,gi, hi... , g k , P )A R (-P, g k+1 , ...,g n ) 

S 9k + l---9n 



T tS^ ,A L {hi,gi,..,gi,hi...,g k ,P)A R (-P,g k+ i,...,g n ) 

J A-2 = ~ 2_s \l^ S 9thi) " . ( 7 - 13 ) 



Ki<k t=l 
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where if i = 1 the factor is s^ 1 / ll ,i-e., we use the shifted momentum of g±. The sum over i is not zero 
by BCJ relation, but 

-( s hl h 1 ) A L(9l,--,9k,P,hi,hi)A R (-P,g k+ i,...,g n ) 
Ia-2 = • ('-14) 

S 9k+l—9n 

If we use the further condition ^ = we get Ia-2 = 0. 

(B) Both hi, hi are in the right hand part, i.e., we will have 

SijA L (gi, ..,g k ,P)A R (-P,g k+ i, ...gj,hi, ...,gj,hi, ...,g n ) 

k<i<j<n S ai-9k 

A(gi, g k , P)A(-P, g k+ i, ...,g n ;Hi) 
= . (7.15) 

(C) The third case is that hi in the left hand part while hi in the right hand part. We have 

T sr^ sr^ Q A L (gi,...,gi,hi, ...,g k ,P)A R (-P,g k+ i, ...,gj, ...,g n ) [2IC _ 1} 

J c= 2. 2. ^ • ( 7 - 16 ) 

l<i<kk<j<n iZ...Kti 1 

In (7.16) when i = k we have Ax,(..., hi,P) while when j = k we have Ar( — P, hi,g k+ i, ...). Again 
we write Sij = Sn + Sj R and put it back to (7.16) to obtain 

x - Ei<t<fc SiLA L (gi, gi, hi, g k , P)]A R (-P, g k+1 , ...,gj,...,g n ) 

ic = >^ 

s 12...fc/ii 

k<j<n 

+ A L (gi, gj,hi, g k , P^Y.kKjKnSjHAnj-P, g k+1 , ...,g j} ...,g n )} [2IC _ 2] ^ ^ 

The first term in (7.17) will be zero by the BCJ relation. For the second term, the sum ^fc<j<n-i ^ s 
the BCJ relation and it is zero. For the case j = n, the factor is given by sr , „\+sr +...+sr ~ = 
— Sr r = by momentum conservation. Thus the second term is zero too. 

(D) Comparing to previous subsection, we have addition case where hi is in the left hand part while 
the hi is in the right hand part. This can happen when and only when j = n, thus we have following 
expression 

T sr^ c A L{hi,gi,...,g k ,P)A R (-P,g k+ i,...,gi,h 1 ,...,g n ) 

1 D = 2^ b ™ p2 ' 

k<i<n—l 

where we have used the n to emphasize the shifted momentum. One good thing of this part is that 
the sum over i gives exact BCJ relation, thus it is zero. 

Thus, after considering all contributions, we have given the proof for the first formula of disk relation 
(7.2). 
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8 Prom disk relation to color-order reversed relation 

In the previous sections, we have seen two kinds of relations for amplitudes with gluons coupled to gravitons: 

• (1) Color-order reversed relation, [/(l)-decoupling identity and KK relation which are the relations 
among the mixed amplitudes. 

• (2) Disk relation which is the relations between mixed amplitudes and pure gluon amplitudes. 

The disk relation express the (n, m) amplitudes by n + 2m-point pure gluon amplitudes while the pure 
gluon amplitudes satisfy color-order reversed relation, [/(l)-decoupling identity and KK relation. Thus 
we can give another derivation of the relations among mixed amplitudes by using disk relation and the 
relations among pure gluon amplitudes. In this section and the following two sections, we will derive the 
relations among the amplitudes with gluons coupled to one graviton in this way. 

8.1 An example 

We give the the color-order reversed relation for (3, 1) amplitudes using disk relation as an example 

A(9i,92,g3;Hi) = Sg 2hl A(g 1 ,h 1 ,g 2 ,h 1 ,g 3 ) 

= s g2hl (-lfA(g 3 ,h 1 ,g 2 ,hi,gi) = (-lfA(g 3 ,g 2 ,g 1 ;H 1 ). (8.1) 

here the second formula of disk relation, the cyclic symmetry and the invariance of the amplitudes under 
h\ h\ have been used. 

8.2 General color-reversed relation for amplitudes with gluons coupled to one graviton 

From the second formula of disk relation, we can get the disk relation 

A(gi,g2,---,g n ;Hi) = SijA(gx,...,g i ,h 1 ,g i+1 ,...,gj,h 1 ,gj +1 ,...,g n ) 

2<«<i<n-l 

= ^2 (- l ) n+2s ij A (gn,-,gj+i,hi,gj,...,g i+ i,hi,gi,...,gi) 

2<i<j<n-l 

= (-l) n A(g n ,...,gi;Hi), 
where we have used the symmetry under hi hi. 

9 From disk relation to [/(l)-decoupling identity 

In this section, we consider the U (1) decoupling identity for amplitudes with gluons coupled to one graviton 
by disk relation and corresponding properties of pure gluon amplitudes. 
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9.1 An example 

The simplest example is the [/(l)-decoupling identity for (3, 1) amplitudes, this is same with the color- 
order reversed relation given in the previous section. We will give one more example: the [/(l)-decoupling 
identity for (4, 1) amplitudes. 

Using the first formula of disk relation, the amplitude A (gi, g 2 , g 3 , g 4 ; Hi) can be given as sum of three 
parts 

A{g 1 ,g 2 ,g 3 ,g 4 ;H 1 ) = A + M + C 

where 

A = s hig2 A(g 1 ,h 1 ,g 2 ,hi,g 3 ,g4) 

18 = ( s hi 92 + s hl93 )A(gi, hi,g 2 ,g 3 , hi,g 4 ) + (s hig2 + s hl93 + s hig4 )A{gi, hi, g 2 ,g 3 , #4, ^1) 

+ Sh l93 A(gi,g 2 ,hi,g 3 ,h 1 ,g i ) + (s hl93 + s hl94 )A(gi, g 2 , hi, g 3 , g 4 , h\) 
C = s hl94 A(gi, g 2 , g 3 , hi, g 4 , hi). (9.1) 

The A part is the contribution with both hi and hi between gi and g 3 . The B part is the contribution 
with h\ between gi and g 3 , hi between g 3 and gi, while the C part is the contribution with both hi and 
hi between g 3 and gi. 

With BCJ relation, B can be expressed by A(gi, g 2 , g 3 , hi, g 4 , hi) and A(gi,g 2 ,g 3 ,hi,g4,hi) 

(s hl92 + s hl93 )A(gi, hi,g 2 ,g 3 ,hi,g i ) + s hl93 A(gi, g 2 ,hi, g 3 , hi, g 4 ) 
= -(sh l9l + s hl92 + s hig . i )A{gi,g 2 ,g 3 ,hi,g A ,h 1 ) - (s higi + s hig2 + s higa + s hig4 )A(g 1 , g 2 , g 3 ,hi,hi, 34) 
= s higi A{gi,g 2 ,g 3 ,hi,g A ,h 1 ) + s h j ii A{g 1 ,g 2 ,g 3 ,hi,hi,g i ) 
= s hl9i A(gi,g 2 ,g 3 ,hi,g 4 ,hi). 

(sh l92 + Shiga + Sh ig4 )A(gi,hi,g 2 ,g 3 ,g 4 ,hi) + (s hl9a + s hl94 )A(gi,g 2 ,hi,g 3 ,g 4 , hi) 
= -{shxgi +Sh l92 + Sh l93 + s hl94 )A(gi,g 2 ,g 3 ,g4,hi,h 1 ) - s hig4 A(gi, g 2 , g 3 , hi, 54, hi) 
= s hJn A ^9i^ 92, g 3 , 94, hi, hi) - s hl94 A(g x , g 2 , g 3 , hi , g 4 , hi) 
= -Sh 19i A(gi,g 2 ,g 3 ,hi,g4,hi). 

Thus 

B = s hig4 A(gi,g 2 ,g 3 ,hi,g 4 ,hi) - s hl94 A(gi, g 2 , g 3 , hi, g 4 ,hi) = 0. 
With [/(l)-decoupling identity for pure gluon amplitudes, A can be reexpressed as 
A 
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= s hig2 A(gi, hi, g 2 , h±,g 3 , g 4 ) 

= s hg2 [-A(gi,g 4 ,hi,g 2 ,h 1 ,g 3 ) - A(gi,hi,g 4 ,g 2 ,hi,g 3 ) - A(g 4 ,hi, g 2 , g 4 ,hi, g 3 ) - A(g 4 ,hi,g 2 ,hi,g 4 ,g 3 )]. 

With KK relation for pure gluon amplitudes with {a} = {g 2 } and {/?} = {hi, (74, hi}, C can be 
reexpressed as 



= s hig4 A(gi,g 2 ,g3,hi,g4,hi) 

= Sh ig A-A(gi,g 2 ,h 1 ,g 4 ,h 1 ,g 3 ) - A(g 1 ,h 1 ,g 2 ,g 4 ,h 4 ,g 3 ) - A(g 1 ,h 1 ,g 4 ,g 2 ,hi,g 3 ) - A(gi,hi,g 4 ,hi,g 2 ,g 3 )] 
= s hig4 [-A(gi,g 2 ,hi,gA,hi,g 3 ) - A(g 1 ,h 1 , g 2 , g^,^, g 3 ) - A(g 1 ,h 1 ,g 4 ,g 2 ,hi,g 3 ) - A(gi,hi,g 4 ,hi,g 2 ,g 3 )}. 

Thus A + C becomes 



= -Sh ig4 A{gi,hi,g 4 ,hi,g 2 ,g 3 ) - (s hig2 + s hgA )A(gi, hi, g 4 , g 2 , hi,g 3 ) - s hig2 A(g 1 , g 4 , hi, g 2 , hi, g 3 ) 
~ Sh ig2 A(gi,hi,g 2 ,hi,g 4 ,g 3 ) - (s hig2 + s hgi )A(gi, hi, g 2 , g 4 , hi, g 3 ) - s hig4 A(gi, g 2 , hi, g 4 , hi, g 3 ) 
= ~A{gi,g 4 ,g 2 ,g 3 ;Hi) - A(g 4 , g 2 , g 4 , g 3 ; H 4 ). 

At last we have the [/(l)-decoupling identity 



In the proof given above, the amplitude A(g 4 , g 2 , g 3 , g 4 ; H) is expressed by six-gluon amplitudes via 
disk relation. These pure gluon amplitudes can be given by A(g 4 , {a},g 3 , {/?}). The sums of terms with 
h, hi € {a}, h,hi € and h € {a}, hi E {/?} are corresponding to A, C and B. B term vanishes due 
to fundamental BCJ relation. With [/(l)-decoupling identity and KK-relation for pure gluon amplitudes, 
the sum of A and C can give the R. H. S. of the [/(l)-decoupling identity for amplitudes with three gluons 
coupled to one graviton. 

9.2 General C/(l)-decoupling identity for amplitudes with gluons coupled to one graviton 

General U (l)-decoupling identity for gluons coupled to one graviton can be given similarly. From disk 
relation we can see 



C 



A + C 



A{gi,g 2 ,g 3 ,g 4 ;H 4 ) 



A{gi,g 4 ,g 2 ,g 3 ;Hi) - A(gi,g 2 ,g 4 ,g 3 ;H 4 ). 



A{gi,g 2 , ...,g n -i,g n ;Hi) 





l<i<j<n—l 



+ 




l<i<n— 1 



- 23 - 



+ ^2 Si n A(gi,...,gi,hi,gi+i,...,g n -i,g n ,hi) 



X<i<n—l 

+ S n -i, n A(gi, ...,g n _i,hi,g n ,hi). (9.2) 
We can use [/(l)-decoupling identity to express the first line of the equation above as 
/ J SijA(gi, —,gi,hi,gi+i, ...,gj, h±,gj + ±, ...,g n -\,g n ) 

l<i<j<n-l 

= - ^2 ^ij ^2 Mdi, —, 9ki 9m 9k+u —,9iihi,g i+ i, gj,hi, gj + i, ...,g n -%) 
l<i<j<n-l g k e{gi,-,gi} 

^ Sij ^2 A(gi, —,9i,hi,gi + i,...,g k ,g n ,g k+ i,...gj,hi,gj + i,...,g n -i) 

l<i<j<n-l g k &{hi,g i+ i,...,gj} 

S%j ^2 A(gi, ...,gi,hi,g i+ i, ...,gj,hi,gj + i,...,g k ,g n ,g k+ i,...,g n ^i). (9.3) 

l<i<j<n-l g k e{h u g j+1 ,...,g n - 2 } 

The three lines correspond to contributions of different position of g^'- the first line give the terms with 
gN on the left side of h\, the second lines give the terms with gjy between h± and h± while the third line 
gives terms with g^ on the right side of h\. 

With KK relation for pure gluon amplitudes, the fourth line of (9.2) can be expressed as 

S n -i,nA(gi, ...,g n -i, hi,g n , hi) 

= - ^2 Sh ^9n ^2 A (9i,-,9hhi,9i+i,—,9k,9n,9k+i,-9j,hi,gj+i,...,9n-i)- (9-4) 

l<i<j<n-l Sfee{/ii,s i+ i,...,Sj} 

Thus the sum of the first and the fourth lines is 

- ^2 ^ij ^2 A(gi, ...,g k ,g n ,g k+1 , ...,gi,hi,g i+ i, ...,gj,hi,gj +1 ,...,g n _i) 
l<i<j<n-l g k €{gi,...,gi} 

+ s gnhi) ^2 M9i, —,9i,hi,gi+i, —,gk,9n,9k+i, —9j,hi,9j+i, —,5n-i) 

l<i<j<n-l g k e{h 1 ,g i+1 ,...,g j } 

^ Sij ^ A(gi,...,gi,hi,g i+ i,...,gj,hi,gj +1 ,...,g k ,g 

l<i<j<n-l g k e{hi,g j+1 ,...,g n -2} 

= — y~] SijA(gi,...,g k ,g n ,g k+1 ,...,gi,hi,g i+ i,...,gj,hi,gj + i,...,g n -i) 

\<k<n-l fc<i<j<n— 1 

— ^2 X/ (^ij + Sg n h 1 )A(gi,...,g i ,hi,gi + i,...,gk,g n ,9k+i,—9j,hi,gj + i,...,g n -i) 

l<k<n-l l<i<k<j<n-l 

- ^2 s ij A (9i,---,9i,hi,9i+i,---,9j,hi,g j+ i,...,gk,gn,9k+i,-,gn-i)- (9.5) 

l<fc<n-l l<i<j<k 

There are two special terms in the equation above should be noticed: When k = n — 2, there is no amplitude 
with g n on the left side of h. when k = 1, there is no amplitude with g n on the right side of h±. Thus, 
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rigorously, we should sum over 1 < k < n — 2 for amplitudes with g n on the left side of h and 2 < k < n — 1 
for amplitudes with g n on the right side of h\. However, with Sij = for i = j, the terms with k = n — 2 
and k = 1 can also be contained in the two cases, respectively. Using the second formula of disk relation, 
the equation above becomes 

- X] A(gx,...,g k ,g n ,g k+1 ,...,g n - 1 ). (9.6) 

l<fc<n-l 

With BCJ relation for pure gluon amplitudes, the second line of (9.2) can be reexpressed as 

- + Sh l9n - 2 + ■ ■■ + Sh 191 )A(g 1 , -,g n -iihi,g n ,hi) = s hl9n A(gi, ...,g n ^h\,g n , hi), (9.7) 

while the third line of (9.2) can be reexpressed as 

- s hig n A (gi, -,9n-i,h,g n ,hi). (9.8) 

Using the invariance of the amplitude under hi O h\, the second and the third lines cancel out with each 
other. Thus we get the [/(l)-decoupling identity 

A(gi,g2, ...,g n -i,gn 4 ,Hi) 
= - ^2 A(9i,-~,gk,gn,gk+i,--,gn-i) 

l<k<n-l 

= -A(gi,g n ,g 2 , ...,g n -i;H{) - A(gi, g 2 , g n , g 3 , g^; Hi) - ... - A(gi,g 2 , g n ,9n-i', Hi). (9.9) 
10 Prom disk relation to KK relation 

As we have remarked, the color-order reversed relation and [/(l)-decoupling identity can be considered as 
two special cases of KK relation. In this section, we will focus on the proof of KK relation. 

10.1 An example 

We first prove the KK relation for A(gi, g 2 , 53, 54, 55, g&; Hi) as an example. There are three different cases: 
A(gi, {g 2 }, gs, {gi, 95, geY, Hi), A(gi, {g 2 , g 3 }, g 4 , {g 5 , g 6 }; H x ) and A(g x , {g 2 , g 3 , g 4 }, g 5 , {g G }; Hi). The first 
case is a [/(l)-decoupling identity combined with a color-reversed relation. The third case is just a £7(1)- 
decoupling identity. Thus we only consider ^4(gi, {g 2 , 53}, 54, {55, ge}; Hi) as the first nontrivial case. 
With the first formula of disk relation 

A(gi, g 2 , <?3, 54, <?5, 9e; #1) = A + B + C, (10.1) 

where 

A = s hl92 A(g 1 ,hi,g 2 ,hi,g 3 ,g 4 ,g 5 ,g 6 ) + (s hm + s hl93 )A(gi, hi, g 2 , g 3 , hi, 54, g 5 , g e ) 
+ s h ig3 A{gi , g 2 , hi , g 3 , hi , 54 , g 5 , g 6 ) 
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C = s hig5 A(g 1 , g 2 ,g 3 , g4,hi, g 5 ,h, g 6 ) 

+ i s h ig5 + Sh ig6 )A(g 1 ,g2,g3,g4,hi,g 5 ,g6,h 1 ) 

+ s hig6 A(gi, g 2 , g 3 , 54, 95, hi, g 6 , hi) 

B = ( s h ig2 + s hl93 + s higi )A(gi, hi, g 2 , 53, 94, hi, 95, 9e) 

+ ( s h ig2 + Sh l93 + Sh ig4 + Shigs) A (j9i,hi,g2,93,9<i,95,hi,ge) 

+ ( s h l92 + Sh l9s + Sh l54 + s hl95 + s hig6 )A(gi, hi, g 2 , g-s, g4, 95, 96, hi) 

+ ( s h 193 + s hig4 )A(gi, g 2 , hi, g 3 , 54, hi, g 5 , g e ) 

+ i s h ig3 + Sh igi + Sh ig5 )A(gi, g 2 ,hi, g 3 , g±, g 5 ,hi, g 6 ) 

+ i s h ig3 + s hig4 + s hl95 + s hl96 )A(gi, g 2 , hi, g 3 , g 4 , g 5 , g e ,hi) 

+ s higi A(gi,g 2 ,g 3 ,hi,g 4 ,hi,g 5 ,g 6 ) 

+ {s hig4 + s higs )A(gi, g 2 , g 3 , hi, g 4 , g 5 ,hi, g 6 ) 

+ (sh l94 + s hl95 + s hig6 )A(gi,g 2 ,g 3 ,hi,g 4 ,g 5 ,g 6 ,hi). (10.2) 

We divide all terms into these three categories according to the positions of hi and hi: (1) category A 
contains terms where both hi and hi locate between gi and 54; (2) category B contains terms where hi 
locates between gi and 54 while hi locates between 54 and gi; (3) and finally category C contains term 
where both hi and hi locate between 54 and g\. 

With the BCJ relation for pure gluon amplitudes, the part B is calculated as following: 

B = -(shigi + s hl92 + s hig3 + s hig4 )A(gi,g 2 ,g 3 ,g 4 ,hi,g 5 ,gQ,hi) 

- (sh igi + s hig2 + s hig3 + s hig4 + s hig6 )A(gi,g 2 ,g 3 ,g4,hi,g 5 ,hi,g 6 ) 

- s hl95 A(gi ,g 2 ,g 3 ,g4,hi,g 5 ,hi,g 6 ) 

~ ( s h igi + s hig2 +s hig3 + s hig4 + s hl 95 ) A (gi , 52 , 53 , 94 , 95 , hi , g 6 ,hi ) 

- (sh igs + s hig6 )A(gi,g 2 ,g 3 ,g 4 ,hi,g 5 ,gQ,hi) 

- s hig6 A (gi , 52 , 53 , 94 , 95 , hi , 56 , hi ) 

= ( s h ig5 + s hig6 )A(gi, 52, 53, 54, h, 55, g 6 , hi) 
+ s h 1 95 A (51 , 52 , 53 , 54 , hi , 55 , hi , 5 6 ) 

- s hig5 A(gi ,g 2 ,g 3 ,g4,hi,g 5 ,hi,g 6 ) 
+ Sh l96 A (51 , 52 , 53 , 54 , 55 , hi , 56 ,hi ) 

- (sh l95 + s hig6 )A(gi,g 2 ,g 3 ,g 4 ,hi,g 5 ,gQ,hi) 

- s hige A(gi , 52 , 53 , 54 , 55 , hi , g 6 , hi ) 
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= 0. (10.3) 

where momentum conservation, h\ -£4> h\ and collinear limits of pure gluon amplitudes have been used. 

Each eight-gluon amplitude in A can be given by KK relation for pure gluon amplitudes with four 
gluons in {a} and two gluons in {/?}. Thus we have 

A = s /u<?2 [Mdi, 96,95, hi, g 2 , hi,g 3 ,g 4 ) + A(gi,g 6 ,hi,g 5 ,g 2 , hi,g 3 ,g 4 ) + A(gi,g$, hi,g 2 ,g 5 ,hi,g 3 ,g 4 ) 
+ A(gx, g 6 , hi, g 2 , hi, g 5 , g 3 , g 4 ) + A(gi, g 6 , hi, g 2 , hi, g 3 , g 5 , g 4 ) + A(gi,hi,g 6 ,g 5 ,g 2 , h 4 ,g 3 ,g 4 ) 
+ A(gi,hi, g 6 , g 2 , g 5 ,hi, g 3 , g 4 ) + A(gi, hi, g 6 , g 2 , hi, g 5 , g 3 , g 4 ) + A(gi, hi, g 6 , g 2 , hi, g 3 , g 5 , g 4 ) 
+ A(gi,hi, g 2 , g 6 , g 5 ,hi, g 3 , g 4 ) + A(gi, hi, g 2 , g 6 , hi, g 5 , g 3 , g 4 ) + A(g u hi, g 2 , g 6 , hi, g 3 , g 5 , g 4 ) 
+ A(gi, hi,g 2 , hi, g 6 , g 5 , g 3 , g 4 ) + A(gi,hi,g 2 ,hi,g 6 ,g 3 ,g 5 ,g 4 ) + A(g u hi, g 2 , hi, g 3 , g 6 , g 5 , g 4 )} 
+ ( s h l92 + Sh l93 )[A(gi, g 6 , g 5 , hi, g 2 , g 3 , hi, g 4 ) + A(gi, g 6 , hi, g 5 , g 2 , g 3 , hi, g 4 ) + A(gi, g 6 , hi, g 2 , g 5 , g 3 , hi, g 4 ) 
+ A(gi,g 6 ,hi,g 2 ,g 3 ,g 5 ,hi,g 4 ) + A(gt, g 6 , hi, g 2 , g 3 , hi, g 5 , g 4 ) + A(g u hi, g 6 , g 5 , g 2 , g 3 , hi, g 4 ) 
+ A(gi, hi,g 6 ,g 2 ,g 5 ,g 3 ,hi,g 4 ) + A(gi, hi, g 6 , g 2 , g 3 , g 5 , hi, g 4 ) + A(g u hi, g 6 , g 2 , g 3 , h 4 ,g 5 ,g 4 ) 
+ -4(5i, hi,g 2 ,g 6 ,g 5 ,g 3 ,hi,g 4 ) + A(gi,hi,g 2 ,g 6 ,g 3 ,g 5 , hi,g 4 ) + A(gi,hi,g 2 ,g 6 ,g 3 , h 4 ,g 5 ,g 4 ) 
+ A(gi,hi,g 2 ,g 3 ,g 6 ,g 5 ,hi,g 4 ) + A(gi, hi, g 2 , g 3 , g e , hi, g 5 , g 4 ) + A(gi,hi,g 2 ,g 3 ,hi,g 6 ,g 5 ,g 4 )] 
+ s higi [A(gi,gQ,g 5 ,g 2 ,hi,g 3 ,hi,g 4 ) + A(gi, g 6 , g 2 , g 5 , hi,g 3 , h 4 ,g 4 ) + A(gi,g 6 ,g 2 , hi, g 5 , g 3 , hi, g 4 ) 
+ A(gi, g 6 , g 2 , hi, g 3 , g 5 , hi, g 4 ) + A(gi,g 6 ,g 2 , hi, g 3 , hi, g 5 , g 4 ) + A(gi, g 2 , g 6 , g 5 , hi,g 3 , h 4 ,g 4 ) 
+ A(gi,g 2 ,g 6 ,hi,g 5 ,g 3 ,hi,g 4 ) + A(gi,g 2 ,g 6 , hi, g 3 , g 5 , hi, g 4 ) + A(gi,g 2 ,g 6 ,hi,g 3 , h 4 ,g 5 ,g 4 ) 
+ A(gi, g 2 , hi, g 6 , g 5 , g 3 , hi, g 4 ) + A(gi, g 2 , hi, g 6 , g 3 , g 5 , hi,g 4 ) + A(gi,g 2 , hi,g 6 ,g 3 , h 4 ,g 5 ,g 4 ) 
+ A(gi, g 2 , hi, g 3 , g 6 , g 5 , hi, g 4 ) + A(g x , g 2 , hi, g 3 , g e , hi, g 5 , g A ) + A(g 4 , g 2 , hi, g 3 , hi, g 6 , g 5 , g 4 )]. (10.4) 

Each eight-gluon amplitude in C can be given by KK relation for pure gluon amplitudes with two 
gluons in {a} and four gluons in {/?}. Thus we have 

C = s hl95 [A(gi,g 2 ,g 3 ,g 6 ,hi,g 5 ,hi,g 4 ) + A(gi, g 2 , g 6 , g 3 , hi,g 5 ,hi,g 4 ) + A(gi,g 2 ,g 6 , hi, g 3 , g 5 , hi, g 4 ) 
+ A(gi,g 2 ,g 6 ,hi,g 5 ,g 3 ,hi,g 4 ) + A(gi,g 2 ,g 6 , hi, g 5 , hi, g 3 , g 4 ) + A(gi, g%,g 2 , g 3 , hi,g 5 , h 4 ,g 4 ) 
+ A(gi, g 6 , g 2 , hi, g 3 , g 5 , hi, g 4 ) + A(gi,g 6 ,g 2 , hi, g 5 , g 3 , hi, g 4 ) + A(gi, g 6 , g 2 , hi, g 5 , h 4 ,g 3 ,g 4 ) 
+ A(gi,g 6 ,hi,g 2 ,g 3 ,g 5 ,hi,g 4 ) + A(gi, g 6 , hi, g 2 , g 5 , g 3 , hi, g 4 ) + A(gi,g 6 , hi,g 2 ,g 5 , hi,g 3 ,g 4 ) 
+ A(gi, g 6 , hi, g 5 , g 2 , g 3 , hi, g 4 ) + A(gi, g 6 , hi, g 5 , g 2 , hi, g 3 , g 4 ) + A(gi,g 6 ,hi,g 5 ,hi,g 2 ,g 3 ,g 4 )] 
+ ( s h l95 + s hl96 )[A(gi, g 2 , g 3 ,hi, g 6 , g 5 , hi, g 4 ) + A(gi,g 2 , hi,g 3 ,g 6 ,g 5 , h 4 ,g 4 ) + A(gi,g 2 ,hi,g 6 ,g 3 ,g 5 ,hi,g 4 ) 
+ A(gi, g 2 , hi, g 6 , g 5 , g 3 , hi, g 4 ) + A(gi, g 2 , hi, g 6 , g 5 , hi, g 3 , g 4 ) + A(g u hi, g 2 , g 3 , g 6 , g 5 , hi, g 4 ) 
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+ A(gi,hi,g 2 ,ge,g 3 ,g 5 , hi, g 4 ) + A(gi, hi, g 2 , 56, 55, 53, hi, 54) + A(g 1 ,hi,g 2 ,g e ,g 5 , hi, 03,04) 

+ -4(5i, hi, 6 , 02, 03, 05, hi, 04) + A(gi, hi,g 6 , g 2 , 55, 53, hi, 54) + A(g 1 ,h 1 ,g 6 ,g 2 ,g 5 , hi, 03,54) 

+ A(gi,h 1 ,g 6 ,g 5 ,g 2 ,g 3 ,hi,g 4 ,) + A(gi, hi, g G ,g 5 , g 2 , hi, g 3 , 54) + A(gi, h 1: g 6 , g 5 , hi, g 2 , g 3 , g 4 )] 

+ s/u3 6 [-4(01,52, 53, hi, 56, hi, 55, 54) + A(gi,g 2 , hi, g 3 , g e , hi, g 5 , g 4 ) + A(g 1 ,g 2 ,hi,g 6 ,g 3 , hi, g 5 , 54) 

+ A(gi,g 2 ,hi,g e ,hi,g 3 ,g 5 ,g4,) + A(gi, g 2 ,hi, g 6 , hi, g 5 , g 3 , 54) + A(g 1 ,h 1 ,g 2 ,g 3 ,g 6 , hi,g 5 ,g 4 ) 

+ -4(5i, hi, #2, 06, 53, hi, 55, 54) + A(gi,hi,g 2 ,g 6 , hi, 03,05,04) + A(gi, h 1: g 2 , g 6 , hi, g 5 , g 3 , g 4 ) 

+ A(g 4 , hi, 06, 02, 03, hi, 05, 04) + A(gi,hi,g 6 ,g 2 , h 4 ,g 3 ,g 5 ,g 4 ) + A(g 4 , h!, g 6 , g 2 , hi, g 5 , g 3 , g 4 ) 

+ -4(0i, /li, 06, /li, 02, 53, 05, 04) +-4(0i,/li,0 6 ,/li,02,05,53,54) + >%1, hi, 6 , /li, 5 , 2 , 03, 04)]- (10.5) 

Terms in A + C can be rearranged by the different permutations of gluons gi,...,gQ. For example, for 
permutation 5i, 06 , 05 , 02 , 03 , 04, we have 

s/iige ^4(5i , hi , 56 , hi , 05 , 52 , 53 , 54 ) 
+ ( s /n95 + Sh ig6 )A(gi, hi, g 6 , g$, hi, g 2 , g 3 , g 4 ) 
+ ( S /H96 + S /U95 + Sh l92 )A(gi, hi, g 6 , g 5 , g 2 ,hi, g 3 , g 4 ) 

+ S/iisa)^!, hi, 6 , 05, 02, 53, hi, 54) 
+ ( s /ii9 5 ) ^(51 , 56 , hi , 55 , hi , 52 , 53 , 54) 
+ ( s /iis 5 + •5/1192)^(51, 56, hi, 55, 52, hi, 53, 54) 
+ ( s /u<75 + s fti92 + Sh l93 )A(gi,ge,h 1 ,g 5 ,g 2 ,g 3 ,hi,g 4 ) 
+ ( s /iiS2 ) ^4(5i , 56 , 55 , hi , 52 , hi , 53 , 54) 
+ ( s /n92 + •s/ii S3 )^4(5i, 56, 55, hi, 52, 53, hi, 54) 
+ ( s /iiff 3 )^4(5i, 56, 55, 52, hi, 53, hi, 54) 

= -4(5i, 56, 55, 52, 53,54; -Hi)- (10.6) 

In the same way, other terms give ^ (51 , 6 , 02 , 55 , 53 , 54 ; #1 ) , -4 (51 , 56 , 52 , 53 , 55 , 54 ; #1 ) , -4 (51 , 52 , 56 , 55 , 53 , 54 ; #1 ) , 
-4(5i, 52, 56, 53, 55, 54; #1) and A(g 1} g 2 , g 3 , g 6 , g 5 , g 4 ; H 4 ). Thus we have 

A + C = A(g 1 ,g 2 ,g 3 ,g 4 ,g 5 ,g 6 ;H 1 ) 

= -4(5i, 56, 55, 52, 53, 545 #1) + -4(5i, 56, 52, 55, 53, 545 -ffi) + A(gi, g 6 , g 2 , g 3 , g 5 , g 4 ; H 4 ) 

+ -4(5i, 52, 56, 55, 53, 54; #1) + -4(5i, 52, 56, 53, 55, 54! -ffi) + -4(5i, 52, 53, 56, 55, 54! #i)- (10.7) 

This is just the KK relation with two gluons 52, 53 in {a} and 55, 06 in {/3}. 

This example has demonstrate the idea of general proof. We divide all terms given by disk relation 
into three categories: A, B and C. A, contains the amplitudes with hi, h± in set {a}. B contains the 
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amplitudes with hi, hi in sets {«},{/?}, respectively . C contains the amplitudes with hi, h\ in set {/3}. B 
vanishes due to BCJ relation. The sum of A and C is just the R.H.S. of KK relation for amplitudes gluons 
coupled to one graviton. 

10.2 General KK relation for amplitudes with gluons coupled to one graviton 

Having above example and the idea how to prove, now we turn to the general discussion on KK relation. 
We consider the A(gi, {52, 9i-i}, 9i, {9i+i, ■■■,9n}', Hi) case. Disk relation express the amplitude with n 
gluons coupled to one graviton as 

A(9ii92, ...,g n ;Hi) 
= Y2 SijA(9i,---,9i,f l i,gi + i,...,gj,hi,gj + i...,gi,...,g n ) 

l<i<j<l 

+ SijA(gi, ...,gi,...,gi,hi,g i+ i,...,gj,hi,gj + i,...,g n ) 

l<i<j<n 

+ ^2 Si j A(g 1 ,...,g i ,hi,g i+1 ,...,gi,...g j ,h 1 ,g j+1 ,...,g n ). (10.8) 

\<i<l-l,l<k<n 

where three lines are categories A, C and B respectively. 

BCJ relation for pure gluon amplitudes can always reexpress A(gi, ...,gi, hi,gi + \, gi, ...gj, hi,gj + i, ■■■,g n ) 
in the third line by amplitudes 



with a factor — Sij and 



A(gi, -,9i,-9i,hi,g i+ i, ...,gj,hi,g j+ i, ...,g n ) (10.9) 



A(gi, ...,g h ...,gi,hi,g i+ i,..., ...gj,hi,g j+ i, ...,g n ) (10.10) 



with a factor Sij. Because of the invariance under hi -£4> hi, the third term of (10.8) vanishes. The 
cancellation in the discussions on [/(l)-decoupling identity is just a special case. 

The first line of (10.8) can be reexpressed by KK relation for pure gluon amplitudes 

£ Sij(-ir- 1 Yl A{gi,a, gi ). (10.11) 

l<Kj<l creOP({g 2 ,---,gi,h 1 ,9i+l---,gjM,9i + l---,gi~l},{an,---,9l + l}) 

This can be expressed in another way: Insert gi+i, ...,9^ at the positions between gi and g\. The insertions 
should reversed the relative order of gi+i, g n , i-e., g n ,...,gi. For a given insertion of g n , gi+i, we 
insert hi at the positions between gi and gi, then insert hi at the positions between hi and g\. The factor 
S^ is Sij = Sh igi+1 +, ■■■,+Sh 1 g j - 9i+i, 9j are the gluons between hi and hi. They come from the set 
{g2, ...,gi-i\. Multiplying the factor (— l) n ~ l and summing over all the insertions of gi+i, --^gn with the 
relative order g n , <^ +1 , the first line of (10.8) becomes 

(-l) n_< Yl E SijA(gi,...,hi,...,hi,...,g n ). (10.12) 

cTeOP{{g 2 ,...,gi-.i},{gn,...,gi+i}) l<i<j<l 
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The second line of (10.8) can be reexpressed by KK relation for pure gluon amplitudes 

Sij(-l) n - l+2 Y A( gi ,a, 9l ). (10.13) 

l<i<j<n creOP({g2,---,gi-i},{g n ,-..,gj+i,hi,gj,—,gi+i,hi,9i,—,9l+i}) 
This can be expressed in a similar way as the first line: We insert gi+i, ■■■,g n at the positions between g± and 
gi with the relative order g n , ...,gi + \. For a given insertion of g n , ...,gi + i, we insert hi at the positions be- 
tween gi and gi, then insert h\ at the positions between h\ and gi. The factor Sij is Sij = s^ igi+1 +, +Sh igj 
where gi + \,...,gj are the gluons between h\ and h\. They come from the set {g n , gi+i}- Multiplying 
the factor (-l) n ~ l + 2 = (-l) n ~ l and summing over all the possible insertions of g n , ...,gi + i, the second line 
of (10.8) becomes 

(-l) n ~ l Y, E S i] A(g 1 ,...,h 1 ,...,h u ...,g n ), (10.14) 

aeOP({g2,...,g l -i},{g n ,-,gi+i}) l<i<j<n 

where the invariance of the amplitudes under hi 44> hi has been used. For a given permutation gi, hi, hi, g. 
the sum of the factors Sij in (10.12) and (10.14) becomes Sh lQi+1 + +Sh ig .. Here gi + i,...,g,j are all the 
gluons between hi and hi. Thus the sum of (10.12) and (10.14) just gives KK relation. 

11 Remarks 

In this paper, we have shown two kinds of amplitudes relations: the relations among mixed amplitudes 
and the disk relation between mixed amplitudes and pure gluon amplitudes. In the first case, the color- 
order reversed relation, £/(l)-decoupling identity and KK relation for amplitudes with gluons coupled to 
gravitons at the leading order have the similar forms like those in pure gluon case, i.e. the appearing of 
gravitons does not cause any differences. 

Unlike above three relations, the BCJ relation for mixed amplitudes is more tricky. The basic reason is 
the nontrivial kinematic factors Sjj multiplying these amplitudes. The momentum conservation condition, 
which is crucial for the BCJ relation, will be modified by gravitons, thus the naive BCJ relation will not 
hold. There are two possibilities we can consider. The first one is to modify these kinematic factors to 
make BCJ relation. The second possibility is the the naive BCJ relation is not zero, but something which 
can be written down in general. These two possibilities are under investigation. 

Another question is the explicit disk relations with gluons coupled to more than one graviton. Although 
the string theory analysis tells us this formula must exist, its explicit form has not been given except the 
MHV amplitude [28]. 
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